We formulated the density equation theory ͑DET͒ using the spin-dependent density matrix ͑SDM͒ as a basic variable and calculated the density matrices of the open-shell systems and excited states, as well as those of the closed-shell systems, without any use of the wave function. We The new properties calculated are the transition energies and the spin densities at the nuclei. Generally speaking, the accuracy of the present results is slightly worse than that of the previous one using the spin-independent density matrix. © 2000 American Institute of Physics. ͓S0021-9606͑00͒30320-8͔
I. INTRODUCTION
Since all the operators appearing in quantum mechanics are one-and two-body ones, all elemental physical quantities can be determined from the second-order density matrices ͑2-DMs͒: The many-electron wave function involves more information than we need to know. Hence, it may be desirable to use the 2-DM as a basic variable of quantum mechanics instead of the wave function. However, a difficulty in this approach is that the N-representability condition, which is the condition enforced by the Pauli principle on the DMs, is still not completely known.
One of the authors proposed a nonvariational method for a direct determination of DM in time-independent 1 and time-dependent 2 cases. He showed that the density equation ͑DE͒ he derived is equivalent to the Schrödinger equation in the domain of N-representable DMs. However, the DE contains second-, third-and fourth-order DMs, so that the number of unknown variables exceeds the number of conditions. When the relations between these DMs are given by the N-representability condition, 2 or by some approximate concept, we can directly determine the DM by solving the DE. We call this approach the density equation theory ͑DET͒. A review of DET has been summarized recently. 3 Valdemoro and co-workers 4 proposed approximate relations for 2-, 3-, and 4-DMs based on the fermion's anticommutation relation. We derived more accurate relations via Green's function method, 5, 6 and successfully determined the 2-DMs of molecules for the first time without any use of the wave function. In terms of electron correlation, Valdemoro's formula correspond to the first-order approximations and ours to the second-order one. Mazziotti gave a reformulation of this approach and some refined approximation. 7, 8 Recently, the DET has further been applied to the calculations of the potential energy curves, equilibrium geometries, and vibrational frequencies of molecules. 9 Here, we formulate the DET using spin-dependent DMs ͑SDMs͒ as basic variables, instead of the spin-independent ones, in order to apply it to open-shell and excited states.
II. THEORETICAL OUTLINE
The systems we are interested in are composed of N fermions, whose Hamiltonian involves up to two-body interaction terms,
͑2.1͒
The matrix form of the Hamiltonian given by
is convenient for the present study. Ensemble density matrix is defined by
͑2.3͒
where
and ⌿ m is an antisymmetric N-particle function. describes a pure state when the sum consists of only a single term, i.e., ϭ⌿⌿*.
͑2.6͒
The nth-order density matrices (n) ⌫ are defined by
͑2.7͒
where x i stands for the space-spin coordinate of ith electron and N C n the binomial coefficient. Note that we do not integrate the spin variables of the first n particles, so that we are a͒ Present address: Graduate School of Human Informatics, Nagoya University, Chikusa-ku, Nagoya 464-01, Japan.
b͒ Author to whom correspondence should be addressed. (2) ⌫ as n-SDM or simply as n-DM. Second-quantized definition equivalent to Eq. ͑2.7͒ is
where a † and a denote creation and annihilation operators, respectively. The n-particle Green's function 10 is defined as
where T denotes time-ordering operator and † and denote creation and annihilation field operators, respectively. The DMs are related to the Green's function by
where 0 ϩ and 0 Ϫ denote positive and negative infinitesimals, respectively.
The nth-order density equation ͑DE͒ 1 is given by
͑2.11͒
In matrix form, it is given by
The right hand side of these two equations are the energy density matrix ͑EDM͒, R (n) multiplied by N C n . One of the authors proved in 1976 that each DE with n larger than or equal to 2 is equivalent, in necessary and sufficient sense, to the Schrödinger equation if the density matrices involved are N-representable. The matrix form of the second-order DE is written as
͑2.13͒
Our purpose in this paper is to solve this DE. For this purpose, we have to represent approximately the 3,4-DMs included in the EDM in terms of the 1,2-DMs. We use the Green's function method for this purpose in the same way as in the previous paper, 5, 6 but here the DMs explicitly involve the spin variables. The resultant decoupling formula of the 3,4-DMs are written using the wedge product form 7 as
͑2.16͒
U is called collision term and defined by
P k is zero or unity for k being unoccupied and occupied, respectively. This decoupling approximation is essentially of the second-order in the correlation-correction perturbation.
Note that for the 3-DMs, the UV term is not simply written down with the wedge product form and this is not an exact second-order correction, and we examined previously some correction terms.
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III. CALCULATIONAL METHOD
Our basic variable is the spin-dependent 2-SDM, which has about 16 times larger freedom than the spin-independent 2-DM. It is hermitian and antisymmetric. The 3,4-SDMs are represented in terms of the 1,2-SDMs by Eqs. ͑2.14͒ and ͑2.15͒. The solution of the DE corresponds to finding the vanishing value of the function, f,
This function is linearized and solved by using the NewtonRaphson method. The algorithm is essentially the same as the previous one 5, 6 and is summarized as follows:
͑1͒ Guess initial 2-SDM, which is ordinally Hartree-Fock ͑HF͒ (2) ⌫. ͑2͒ Calculate EϭTr( (2) ⌫H). ͑3͒ Construct 3,4-SDM (3) ⌫ and (4) ⌫ with (2) ⌫ and (1) ⌫ by Eqs. ͑2.14͒ and ͑2.15͒. ͑4͒ Calculate the error function f by Eq. ͑3.1͒. ͑5͒ Update 2-SDM using the Newton-Raphson method. ͑6͒ Repeat procedures ͑2͒-͑5͒ until convergence. ͑7͒ Check the N-representability of the resultant (2) ⌫.
In applying the Newton-Raphson method, 11 we need to calculate the coefficient matrix A i j ϭ‫ץ‬ f i /‫ץ‬x j , where x denote the variable (2) ⌫ itself and i, j denote the four indices of (2) ⌫.
As an initial guess of the 2-SDM, we used the HF estimate,
where ␦ j i is Kronecker's delta, but when the convergency was not good, we used even the full CI͑FCI͒ 2-SDM.
The above procedure was applied to the open-shell atoms, Be( 
IV. RESULTS
First, we examine the energy and (2) ⌫ calculated by the present DET. Tables I, II and III show the total energy, the correlation energy error, and the root mean square deviation of the SDMs calculated by the present DET for the openshell triplet, doublet, and the closed-shell singlet states, respectively. Since only s-type basis sets are used for atoms, doublet states of the five-electron atoms are not the ground 2 P state but actually the excited 2 S states and the triplet states of the four-electron atoms are also not the 3 P state but the 3 S state. Computationally, such S states are easier to calculate than the P states. For the triplet states summarized in Table I , the errors in the correlation energy are less than 0.3% and the total energies of the DET slightly overshoot those of the FCI. Since the DET is not variational, this overshooting happened, though it is small. The rms ͑root-meansquare͒ deviation of the SDM is in the order of 10 Ϫ3 , and is much smaller than the HF ones. For the doublet states shown in Table II , the DET also reproduces well the FCI results almost in the same accuracy as those of the triplet states. For the closed-shell singlet states given in Table III, should be noted that the (2) ⌫ by the DET is more accurate than those of the SDCI, since the DET determines the DM directly.
The transition energy, ionization energy, and electron affinity are summarized in Table IV Table V for the triplet, doublet, and singlet states. For the closed-shell singlet state, we obtain almost correct expectation values for atoms, but the deviations are somewhat large for molecules, especially for ͗S 2 ͘. For the open-shell triplet and doublet states, the expectation values ͗N ␣ ͘, ͗N ␤ ͘, ͗S z ͘ and ͗S 2 ͘ slightly deviate from the exact values. This is because the present approximate decoupling technique does not include any restrictive conditions for the numbers of the electrons and spins. When we enforce the ''normalization'' condition, the calculations were not improved and even did not converge. Next, we examine the N-representability conditions for the 1-SDM and 2-SDM. Table VI gives the occupation numbers of the natural orbitals of the 1-SDM, and the lowest eigen values of the P, Q and G matrices. 17 For the closedshell systems, the N-representability condition of the 1-SDM is completely satisfied, i.e., the occupation numbers are all positive and less than unity. This was also so in the previous spin-free calculations. 5, 6 However, the violation of the N-representability of the 1-SDM occurs for some open-shell atoms. The P, Q and G are necessary conditions for the N-representability of the 2-SDM: The eigenvalues of the P, Q and G matrices should be nonnegative. However, some of the eigenvalues are slightly negative, though the violations seem to be small. The extent of the violation seems to increase as the number of the electrons increases, and seems to be larger for the open-shell systems than for the closed-shell systems. Table VII shows the second moment of electron distribution, ͗r 2 ͘. Again, the DET results for the closed-shell systems are better than those for the open-shell systems. Some of them are better than the SDCI results, because the DET directly determines the SDM. For the open-shell systems, the SDCI results are superior to the DET ones, because the violation of the N-representability condition tends to accumulate electrons near the nucleus. Some of the SDCI results are identical to the FCI one: as for the active space, it is small, the single and double excitations span the complete space. Finally, the spin density and the electron density at the nucleus are calculated. In Tables VIII, IX and X, the results are shown for the triplet, doublet, and singlet states, respec- tively. The spin density at the nucleus is a very important observable in ESR and other magnetic chemistry and calculated for the first time by the DET. The DET well reproduces the spin density at the nucleus of the FCI method. The results are almost in the same accuracy as the SDCI ones and much better than the HF ones, since the DET includes both electron and spin correlations up to second-order in the perturbation. The spin densities calculated within the HF method do not include the spin polarization effects 18, 19 and therefore are always smaller than the DET and FCI values. For the closed-shell singlet states, the spin density is exactly zero, therefore, only the total density of the electrons at nucleus is given. The accuracy of the DET is almost the same as that of SDCI.
V. CONCLUSION
We successfully calculated the SDMs of some openshell and excited states for the first time by the spin-explicit DET without any use of the wave function. The same method is also applied to the closed-shell systems, though the solution is easier with the spin-free formalism. Generally speaking, the quality of solutions were better for the closedshell systems than for the open-shell systems. A reason is a larger number of variables to be solved for open-shell systems. As seen from the results, the present method and the solution algorithm are not yet complete and needs some future refinement. Nonetheless, the present results constitutes a milestone in the DET approach in theoretical chemistry as its first application to open-shell and excited states. 
